Abstract. In this paper, we studied some local spectral properties for a C 0 semigroup and its generator. Some stabilities results are also established.
Introduction
The semigroups can be used to solve a large class of problems commonly known as the Cauchy problem:
on a Banach space X. Here A is a given linear operator with domain D(A) and the initial value u 0 . The solution of (1) will be given by u(t) = T (t)u 0 for an operator semigroup (T (t)) t≥0 on X. In this paper, We will focus on a special class of linear semigroups called C 0 semigroups which are semigroups of strongly continuous bounded linear operators. Precisely: A one-parameter family (T (t)) t≥0 of operators on a Banach space X is called a C 0 -semigroup of operators or a strongly continuous semigroup of operators if:
(1) T (0) = I. Recall that for all t ≥ 0, T (t) is a bounded linear operator on X and A is a closed operator. Details for all this may be found in [8, 4] . There are enough studies done on semi-groups, including spectral studies [1, ?, 2, 3, 4, 8, 9] . In this article, we investigate the transmission of some local spectral properties from a C 0 semi-group to its infinitesimal generator.
Preliminaries
Throughout, X denotes a complex Banach space, let A be a closed linear operator on X with domain D(A), we denote by
, respectively the adjoint, the range, the null space, the hyperrange, the semi-regular spectrum, the surjectivity spectrum and the spectrum of A.
Recall that for a closed linear operator A and x ∈ X the local resolvent of A at x, ρ A (x) defined as the union of all open subset U of C for which there is an analytic function f :
i ( in a neighborhood of µ), be the Taylor expansion of f , it is easy to see that µ ∈ ρ A (x) if and only if there exists a sequence ( [5, 7] . The local spectral subspace of A associated with a subset Ω of C is the set : [5] . For a closed linear operator A the algebraic core C(A) for A is the greatest subspace M of X for which A(M ∩ D(A)) = M . Equivalently:
Moreover the analytic core for A is a linear subspace of X defined by:
The analytica core admits a local spectral characterization for unbounded operator as follow [1, Theorem 4.3] :
Note that in general neither K(T ) nor C(T ) are closed and we have
Let (T (t)) t≥0 , a C 0 semigroup with infinitesimal generator A, we introduce the following operator acting on X and depending on the parameters λ ∈ C and t ≥ 0:
It is well known that B λ (t) is a bounded linear operator on X [8, 4] and we have:
In [8, 4] , they showed that:
where ν ∈ {σ p , σ ap , σ r }, point spectrum, approximative spectrum and residual spectrum.
In [2] , the authors showed this spectral inclusion for the semi-regular spectrum.
In this work, as a continuous of the previous work, we will give a spectral inclusion for local spectrum. Also, we investigate some local spectral properties for C 0 semigroup and its generator. Some stabilities results are established.
Local Spectral Theory
Now, we start the present section by the following lemma which we need in the sequel.
The operators F λ (t), G λ (t) and B λ (t) are pairwise commute and for all x ∈ D(A): 
Proof. Suppose that e λt − T (t) has not SVEP at 0, then there exist
and y 0 = x 0 = 0, and we have :
So that λ−A has not SVEP at 0, then S(T (t)) ⊆ e tS(A) .
In the following, we give a sufficient condition to show that the local spectral subspace X T (t) (∅), t > 0, is closed.
Corollary 3.1. Let (T (t)) t≥0 a C 0 −semigroup, with generator A. Then:
Proof. Since X A (∅) = {0} implies that S(A) = ∅, by theorem 3.1 we have S(T (t)) = ∅ which equivalent to the fact that X T (t) (∅) = {0} equivalently to X T (t) (∅) is closed.
Corollary 3.2. Let (T (t)) t≥0 a C 0 −semigroup, with generator A. If A has the SVEP then T (t) has the SVEP for all t ≥ 0.
In the following Theorem, we give a spectral inclusion for the local spectrum.
Theorem 3.2. Let (T (t)) t≥0 a C 0 -semigroup on X with infinitesimal generator A.
The following spectral inclusion hold :
Corollary 3.3. Let (T (t)) t≥0 a C 0 −semigroup, with generator A. Then:
Proof. Since K(e λt − T (t)) = {x ∈ X; 0 ∈ ρ (e λt −T (t)) (x)}, then if x ∈ K(e λt − T (t)) implies that e λt ∈ ρ T (t) (x), by theorem 3.2 we have λ ∈ ρ A (x), therefore x ∈ K(λ − A).
Denote by σ ac (T ) = {λ ∈ C : K(λ − T ) = {0}} the analytic core spectrum of T and by σ alc (T ) = {λ ∈ C : C(λ − T ) = {0}} the algebraic core spectrum of T [10, 11] . As a straightforward consequence of the corollary 3.3, we have the following corollary.
Corollary 3.4. Let (T (t)) t≥0 a C 0 −semigroup, with generator A. Then:
Lemma 3.2. Let (T (t)) t≥0 a C 0 −semigroup, A its generator and for all x ∈ X,
And we have:
, according to lemma 3.2 there exists a x 1,1 ∈ X such that :
and we have (λ−A)x 2,0 = x 1,0 = B λ (t)x 1,1 , lemma 3.2 implies there exits a x 2,1 such that (λ − A)x 2,1 = x 1,1 , hence B λ (t)x 0,2 = x 0,1 = (λ − A)x 1,1 consequently there exists x 1,2 such that B λ (t)x 1,2 = x 1,1 , therefore (λ − A)x 2,1 = B λ (t)x 1,2 = x 1,1 , lemma 3.2 implies there exists x 2,2 such that B λ (t)x 2,2 = x 2,1 and (λ − A)x 2,2 = x 1,2 Let x 2,2 = F λ (t)x 1,2 +G λ (t)x 2,1 , by induction we can construct a sequence (x i,j ) i,j≥0 defined by x i,j = F λ (t)x i−1,j + G λ (t)x i,j−1 , and we have :
and ||y i || = ||x i,i || ≤ β i ||x|| where β > 0, hence x ∈ K(e λt − T (t)). 2): Similar to 1)
by the same arguments in 1), we can show that x ∈ S(e λt − T (t)).
Proof. Corollary 3.3 and lemma 3.3 gives the result.
Stability Results.
Let (T (t)) t≥0 a C 0 -semigroup on X with infinitesimal generator A. {T (t)} t≥0 is said to be strongly stable if lim t→∞ ||T (t)x|| = 0 for all x ∈ X. We say that (T (t)) t≥0 is uniformly stable if lim t→∞ ||T (t)|| = 0.
In [2] , A. Elkoutri and M. A. Taoudi showed that (T (t))t ≥ 0 is strongly stable if
In the following, we give a stability result for strongly continuous semigroups using the local spectrum: (1) (T (t)) t≥0 is uniformly stable; (2) for all x ∈ X, there exist t 0 > 0 such that σ T (t0) (x) ∩ Γ = ∅ where Γ stands for the unit circle of C.
Proof. According to [2, corollary 2.2] and [3, Theorem 3.2] , it suffices to show that σ (T (t0)) (x) ∩ Γ = ∅ implies that σ K (T (t 0 )) ∩ Γ = ∅. Indeed: If σ (T (t0)) (x) ∩ Γ = ∅ for all x ∈ X, then ∅ = x∈X (σ T (t0) (x) ∩ Γ) = x∈X σ (T (t0)) (x) ∩ Γ = σ su (T (t 0 )) ∩ Γ.
